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The liquid circulation model of Rice and Geary (1990) is extended to include
turbulence originating at the wall. Thus, two possible length scales are considered:
one originating from rising bubbles and the other emanating from the wall. The
appropriate scale for small columns should be based on bubble size, while for larger
systems the proper mixing length is proportional to column diameter. It is proposed
that the film Reynolds number may be the key in distinguishing the two cases.

Introduction

Paralleling the recent advances in biotechnology is the in-
creased use of bubble columns. It is thus important that tech-
niques be made available to calculate the effect of scale-up on
liquid mixing in such columns. At the most fundamental level,
this requires information regarding the local liquid velocity
profiles. Recently (Clark et al., 1987; Rice and Geary, 1990),
success was reported using the separated-flow model to predict
velocity. This approach begins with the following momentum
balances (Ishii, 1975; Ishii and Zuber, 1979; Rietema, 1982):
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where F, is the ‘‘slip force’’ or interfacial drag force per unit
volume, and the local voidage is taken to depend only on radial
position so that e=f(r). In this analysis, the liquid sustains
both viscous stress, 7., and Reynolds stress, R, such that
T.=7.+ R,. This treatment differs from that of Rietema (1982)
who did not include liquid Reynolds stresses acting on the gas
phase. Bubble-bubble interactions are ignored, but the total
stress 7T, is taken to act uniformly on the whole. If phase
densities are constant throughout, continuity relations will re-
quire the lefthand sides of both momentum equations to be
identically zero. The proposed separated flow equations should,
when added, yield the correct homogeneous-phase result. This
necessary condition is obeyed by the above relations which
combine to yield:
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To successfully compute mixing times from the proposed
model, it is essential that the hypothesis of one main recir-
culation zone be correct. Joshi and Sharma (1979) proposed
that multiple circulation cells of height equal to the column
diameter exist. Recently, however, Devanathan et al. (1990)
were able to measure experimentally liquid velocities through-
out an entire column (using radioactive tracers) and concluded
that only two cells existed, the largest of which encompasses
nearly the whole column. In the lower cell (which was confined
to the entry region), the liquid was determined to ascend at
the wall and descend at the column center. In the upper cell
(which occupied the rest of the column), this pattern was re-
versed.

This recent evidence gives support to the approach used by
Rice and Geary (1990) and Clark et al. (1987), in which liquid
circulation was described as boyancy-driven and resulted from
a radial voidage profile. In terms of a dimensionless radius
(¢ =r/R), the voidage profile was modeled by Rice and Geary

(1990) as two distinct zones:
E\"1.

_{m+2\1

€(f)=¢ (T) N

€(£)=0; E= N
The exponent m is normally fitted using local voidage data.
Note, as it is implied in the above, that there exists a thin
downflowing (bubble-free) layer near the wall, the maximum
downflowing velocity position being A. The substitution of the
above distribution into Eqs. 1 and 2, followed by direct in-
tegration, yielded the stress relations:
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where the flux continuity conditions have been used: 7.0)=0
and TN =T."(\) =0.
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Closure Relations

In the original analysis by Rice and Geary (1990), the in-
tegration for velocity profiles was completed using a strain
model that incorporated both viscous and Reynolds stresses.
The latter was confined to the bubbly core (0 < £ <)\) where it
was proposed that the Reynolds stress obeyed Prandtl’s model
with a locally varying mixing length, £(£). The fluid in the wall
vicinity was assumed to undergo viscous, laminar flow. In large
columns, it is likely that the downflowing wall region will also
sustain turbulence, as suggested by Anderson and Rice (1989).
This modification is significant especially if some fraction of
the core eddies are generated at the wall, as for single-phase
flow.

The original closure relationships are therefore modified to
account for turbulence in the wall region. Thus, for both core
and wall regions, we combine the viscous and Reynolds stresses:
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Quantities with asterisk denote the wall region.

Mixing Length Scale

The choice of a correct mixing length scale for the core fluid
has been debated recently. Clark et al. (1987) and Devanathan
et al. (1990) recommend the use of a single-phase length scale
as measured by Nikuradse (from Schlichting, 1960). In con-
tradiction to this, Rice and Geary (1990) and Geary and Rice
(1991) argue that the proposed mixing length scale should be
made proportional to the bubble size. Such an approach could
be based on the premise that the vortices produced in the wake
of a bubble would suppress the latent turbulence arising at the
wall from liquid circulation and would therefore dominate

local mixing. .
In many cases, the predictions based on either of the two

length scale models are so similar (each with some experimental
support) that discrimination between the two proposals is yet
unclear. Cohen (1991) measured the effect of holdup on stirrer-
generated turbulence (in liquid-liquid dispersions) and deter-
mined that turbulence damping increased with holdup. This
suggests that bubbles interfere with latent turbulence, implying
that both sources of eddy formation may be significant.
Support for a bubble-based mixing scale can be found in
the publications of Lubbert and coworkers (Lubbert et al.,
1990; Lubbert and Larson, 1990) who undertook to determine
the origin of multiphase turbulence. In their work, heat tracers
were used to measure the degree of dispersion that occurred
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over small distances within a bubble column. By considering
the standard deviation of the measured signal, Lubbert con-
cluded that not only was the turbulence nonisotropic, but that
the dominant mixing mechanism arises from bubble wakes.
Moreover, they noted that *‘the rising bubbles suppressed the
development of the long cascade of stochastical eddies, which
is a necessary condition to maintain local isotropic turbu-
lence.”’

Incorporating these observations into a general relationship
for the mixing lengths requires examination of a turbulent wall
region, which thus gives rise to at least two core mixing lengths:
one bubble-induced and the other originating at the wall and
propagating into the core (as in single-phase flow). For the
core, mechanical energy dissipation is minimal when mixing
length is the largest, so we propose:

£=Max(fs, £*), 0<E<) )
where " represents the wall-induced mixing scale and £, the
bubble generated scale. In the region of the wall, turbulent
eddies can be generated only from boundary layer instabilities.
The behavior of the liquid phase (which is bubble-free in this
region) can be considered analogous to single-phase pipe flow,
for which Nikuradse experimentally determined the following
mixing length scale:
£* =R(0.14—0.08 £2—0.06 £ (10)
which is proportional to column diameter. This well-known
result describes the manner by which turbulent eddies, gen-
erated at the wall, propagate away from the boundary. In the
two-phase analysis, consideration must also be given to tur-
bulence arising from the movement of bubbles. This scale,
based naturally on bubble size and population density, was
modified recently (Geary and Rice, 1991) to account for de-
formed, ellipsoidal-shaped bubbles:

b= (d/a'?)-€(£)/E (11)

where « is a bubble-shape correction factor.

Wall Region Mixing Length Scale

The single-phase mixing scale, originating in the wall region,
can propagate into the core, where there can exist eddies gen-
erated from different sources, namely wall- and bubble-in-
duced. Their interaction is a complex phenomenon, which is
not well documented. However, a simple energy minimization
criteria (discussed later) can be applied. Equation 9 governs
the extent to which the continuous single-phase scale (Eq. 10)
is applicable. The consequence of introducing a turbulent wall
region to the model is illustrated in Figure 1. By equating Eqs.
5 and 7 and Eqgs. 6 and 8, followed by direct integration, the
velocities U(£) and U.” (£) can be found as before in the manner
of Rice and Geary (1990). In Figure 1, we compare this earlier
prediction (using a purely viscous condition at the wall) with
predictions including wall turbulence, using Hills’ (1974) ex-
periments for reference. At the wall, the velocity gradient is
considerably smoother than the rather sharp profiles of earlier
models (Rice and Geary, 1990; Clark et al., 1987; Walter,
1983), where the inset illustrates computations for a purely
viscous wall condition.
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Figure 1. Effect of adding Reynolds stresses to down-
flowing liquid: comparison with Hills’ (1974)
Data.

Inset depicts laminar results.

In Figure 2, we demonstrate the application of Eq. 9 and
show that the local length scale is either the local value of
mixing length using the original Rice-Geary (1990) model (fxd)
or the equivalent single-phase scale, £*(¢). This figure, which
serves to demonstrate the method by which the heretofore
separate models are combined, represents the length scale used
for Hills’ (1974) column (U,, = 3.8 cm/s); it therefore com-
plements Figure 1. It is clear that these scales are very nearly
the same size. This is not altogether unexpected, considering
the results of Clark et al. (1987) compared to Rice and Geary
(1990), the former using only a latent turbulence model and
the latter using solely a bubble-based scale.

Mixing Length Based on Bubble Size

In Eq. 11, the eddy size is written to include a correction
factor («"?) to account for deformation. The aspect ratio, o,
represents the height to breadth ratio of an ellipsoidal bubble.
This is necessary since the size of eddies formed behind bubbles
will be proportional to the major axis (Fan and Tsuchiya,
1990), as discussed recently by Geary and Rice (1991). The
implied dependence of turbulence length scale on eddy width
is consistent with Prandtl’s original hypothesis which required
that “‘the mixing length (£) be proportional to the width of the
turbulent mixing zone’’ (Hinze, 1975).

Core Turbulence with Origins at the Wall

The single-phase mixing length £”(£) relationship was based
on the data of Nikuradse who found that ¢* was independent
of the Reynolds number when this exceeded 1.1x 10°. This
may explain why small columns and higher viscosity solutions
tend to be dominated by bubble-generated turbulence (Cristi
et al., 1988; Lubbert and Larson, 1990) since the appropriate
Reynolds number is too small to precipitate wall-induced tur-
bulence. For industrial applications, however, Eq. 10 may
more accurately reflect the true situation. Under such circum-
stances, the bubble size has little effect on the intensity of
liquid mixing. In the following section, a criterion is developed
that delineates the applicable operating region for each model.
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Figure 2. Eddy length scale variation for Hills’ (1974)
column (U,, = 3.8 cmis).

Energy Minimization

The final aspect of the new model is the manner by which
the two possible length scales are incorporated. Choosing the
maximum denoted in Eq. 9 reflects the principle of energy
minimization, apparently first used for viscous flow by Rie-
tema and Ottengraf (1970). The equation for overall rate of
mechanical energy dissipation can be written (Ishii, 1975) in
terms of Reynolds stresses:

E,,,=S U, v-(1-¢9R.dV (12)
|4

which is rearranged to yield:
E, = S {— V- [(1-9R. - Ul+(1 —e)RC:VUE}dV (13)
14

When integrated, the first group of terms contribute nothing
[since U(1)=0 and R0)=0], thus the energy dissipation can
be expressed for one-dimensional flow as:

U,
E,= M(l — {E)RAE) E}‘W (14)

where R_(§) is the local Reynolds stress. This shows that energy
dissipation is inversely proportional to either d (bubble-induced
turbulence) or R (wall-induced turbulence). The minimum en-
ergy is sustained for the largest of these two possible scales.

Tests of New Theory

By inserting the closure relations (Egs. 7 and 8) into Egs. 5
and 6, we find:

du, ».R 2gRE(%) _
d_g_zez(g)[ - 1+—VC2—-B(E)} =F(&, 0 (15

dU; R 2RI (E) Rt
& _2[3—*(8)?[1_\/:+——Vc2— 7(5)]—1‘}(291’) (16)
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where £(£) and £*(£) are given in Eqs. 9 and 10, and the def-
initions of B(£) and ~y(¢) are:

2 (8
B(¢) = i E[l ()\> } (15a)
- 22_ )\2
0 =5 <—£—> (162)
Integration of Egs. 15 and 16 yields:
4
U.(5)-U[0)= S F.dt (17)
1]
* E *
U6 -UN= S F.dt (18)
A

Since U7(1)=0, and U.(\)=U>(\), it is easy to see that the
centerline velocity is:

(19)
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The only remaining unknown, A, is determined through the
use of the conservation equation for batch flow. This requires
upflow to equal downflow (Rice and Geary, 1990):

_1teu; L, 1 (aU,
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The consequences of introducing turbulence to the wall region

have already been illustrated (Figure 1). The model seemed to
track the small-column data of Hills (1974) reasonably well,
without predicting unreasonably sharp profile shapes.

Additional evidence to support the theory requires com-
parisons with a wider range of circumstances. Two examples
are presented. In these examples, the length scale is chosen
according to the criterion given in Eq. 9. In the first, the bubble
scale dominates, while in the second, the single-phase Niku-
radse scale is seen to take over.

Devanathan et al. (1990) measured mean and fluctuating
liquid velocities, from which Reynolds stresses were calculated.
Their final results (mean velocity and local eddy viscosity) are
compared to those of the present model in Figures 3¢ and 3c,
inspection of which shows clearly that bubble size is the prin-
cipal scale (Figure 3b). The agreement obtained with these
separate measurements is remarkable, given that the bubble
size used was determined from a simple visual observation
(Devanathan, 1990). Also plotted in Figure 3a is the predicted
liquid velocity profile, if the mixing length scale was taken to
be £*(£) throughout (Eq. 10). It is clear from Figure 3b that
the scale £* is too small and would thus cause significant over-
estimates of velocity.

Experiments on large columns are quite sparse in the liter-
ature. Perhaps the most complete are the related works of
Kojima et al. (1980) and Koide et al. (1979). In these articles,
both voidage and velocity profiles are reported. The voidage
data are fitted with a power-law equation, similar to Eq. 4,
and this fit is illustrated in Figure 4a. The exponent m takes
a value around 100; this, of course, implies very flat voidage
profiles, a condition (Rice and Geary, 1990) known to minimize
circulation. Even for this extreme case, the comparison with
our model (Figure 4c) is again quite good. Considering Figure
4b, it is clear that the correct mixing length is given by £*(£)
almost throughout (Eq. 10). A mixing scale based on the bubble
size overpredicts measured velocity, although again ¢ and ¢*
are within an order of magnitude (Figure 4b). Thus, it may be
argued that wall turbulence affects bubble interaction, thereby
influencing the rates of coalescence and breakage, and equi-
librium bubble size (Prince and Blanch, 1990).
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Figure 3. Small-column comparison of theory with data of Devanathan et al., (1990): a) liquid velocity profile: b)

applicable eddy length scale; c) eddy viscosity.

Data for superficial gas velocity of 10.5 cm/s, €=0.18, d=1.5 cm, ¢ =0.415, m =6 (optimized). The zero velocity point was experimentally found to

be 0.72 (theory = 0.726).

AIChE Journal January 1992

Yol. 38, No. 1 79



iRz 10 =017 L.
® i | B~ _E
“Inmin =00, Tafyel .
Elm » g, és NN
§§Ln.=_1§<£5.50@313_._.: =z L=
=4 " . = =N
= & 2 i = ¥
g° = Bubble Size Scale = Flog = 22 cm/se—
&1 =¥ = #{log = 36 em/s»—-
g s #{log =44 cm/sm~- \!
= %' .‘
-] E— g = S —
00 20 40 60 .80 1.00 00 .20 40 60 80 1.00 0 20 40 60 80 1.00
RADIAL POSITION RADIAL POSITION RADIAL POSITION

Figure 4. Large-column comparison with data of Koide et al. (1979) and Kojima et al. (1980): a) voidage profile: b)

applicable eddy length scale; c¢) velocity profile.

Scale-Up Predictions

Mixing times rely primarily on the liquid circulation velocity,
U.. The theory derived herein can thus be used to predict the
dependencies of mixing time on experimental conditions. The
results obtained (Eqs. 17 and 18) suggest a square-root de-
pendence of the mixing time on gas holdup. The theory also
predicts very weak dependence on either liquid (p.<1 Pa-s)
or gas properties. Secondary effects will result from the way
these properties influence the bubble size (hence turbulence
length scale), voidage and voidage profile (see for instance
Shahet al., 1982). The liquid velocities are not affected strongly
by a viscosity change, except in the region close to the wall
where an increase in solution viscosity decreases A, leading to
a thicker wall layer. We can therefore conclude that liquid
properties have very little effect on mixing times. This was
experimentally confirmed by Yoshitome and Shirai (1970), who
reported only a weak dependence of liquid velocity on both
surface tension and liquid viscosity.

The impact of column diameter cannot accurately be con-
sidered without due regard to the local turbulence length scale
and voidage profiles. The approximate scale-up predictions

(based on the current theory) for column diameter and other
important parameters can be summarized:

TmixchO.SuOO,ODZI+0.5 (21)

where n is unity for small columns and zero for large. It is
also noted that the superficial gas velocity may be incorporated
into Eq. 21 using suitable correlations (such as drift-flux) to
relate voidage to velocity. This possibility is explored in Table
1, where the scale-up predictions are summarized. The expo-
nents are generally smaller for experimental data than forecast
by present theory.

Comments and Conclusions

The original circulation model of Rice and Geary (1990) has
been extended to include the possibility of natural turbulence
originating at the wall. This scale is compared with the scale
of turbulence originating from the rising bubbles. A simple
local energy minimization approach is utilized which allowed
the liquid circulation and eddy viscosity to be estimated for a

Table 1. Mixing Time Scale-Up Predictions

Parameter Pred. Exponent Lit. Exponent Comments
1
R’ oifiage) 3 ~0.26 Correlation by Ulbrecht et al. (1985)
U,. . 0.5 Correlation by Ulbrecht et al. (1985)
(Superficial Gas Vel.) 2 0.5 Correlation by Wisecarver et al. (1990)
, Me 0 ~0 . .
(Viscosity) Yoshitome and Shirai, 1970 found no
significant effect of surface tension or
o 0 ~0 liquid viscosity on U/0)
(Surface Tension)
. 3
€ = ' (Small Col.) —
(Column dia.) 2 0.25 Correlation by Ulbrecht et al. (1985)
0.23 Correlation in Kojima et al. (1980)

%  (Large Col.)

*If U,, o« &, as determined by Wallis (1969) for churn turbulence.

* *Slight effects due to the dependence of voidage, voidage profile exponent, and bubble size on viscosity. In addition, as the liquid viscosity approaches the eddy
viscosity, U,(0) will decrease with viscosity (as shown by Rietema and Ottengraf, 1970).
+This dependence will, in fact, be less due to the change of voidage exponent m with column diameter.
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Table 2. Film Reynolds Number

Source N UM Re,=iSUX>RU-N
cm/s Ve
Small-Column Data (focd):
Hills (1974)
Uy=1.9 cm/s 0.975 —-259 906
U,=3.8cm/s 0.977 -37.0 1,184
U,;=6.4 cm/s 0.979 —43.0 1,290
Small-Column Data (focd):
Devanathan et al. (1990)
0.988 —46.7 1,636
Large-Column Data (fxD):
Kojima et al. (1980)
U,=2.2 cm/s 0.998 —62.05 5,212
Uy,,=3.6 cm/s 0.998 —81.8 7,873
U,=4.4 cm/s 0.998 -107.9 12,996

* <U,\)> was linearly approximated as U.()\)/2, and falling film thickness was taken to be R(1—\).

variety of experimental conditions. Estimates for predicting
the effects of scale-up were deduced based on the dominant
scaling law. This was taken as the length which produced
minimum energy dissipation. The initiation of turbulence in
the downflowing film of liquid near the wall may be reasonably
predicted using the data from wetted-wall columns, where tran-
sition to turbulence occurs when Re,> 1,160 (Portalski, 1963).
Table 2 shows estimated values of this film Reynolds number
for the different experiments reported here. It is clear from
this that the large column data yield film Reynolds numbers
well in excess of the transition value, while small column data
give values asymptotically close to the transition value. This
suggests that Re, may be the key in pinpointing turbulence
conditions.
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Notation

b = bubble breadth, cm

d = bubble diameter, cm

D. = column diameter, cm

D, = molecular diffusion constant, cm?/s
E, = mechanical energy dissipation, W

F, = slip force, dyne/cm?

g = acceleration due to gravity, cm/s’

h = bubble height, cm

¢ = mixing length scale, cm

m = exponent, Eq. 4

p = pressure, Pa

Q = volumetric flow, cm*/s

r = radial coordinate, cm

R = column radius, cm

R. = Reynolds stress tensor, Pa
Re; = film-based Reynolds number, 4Q/(wDv.)
T. = continuous-phase stress tensor, Pa

U. = continuous-phase interstitial velocity, cm/s
U,, = superficial gas velocity, cm/s

Greek letters

o = aspect ratio, h/b

B8 = function defined by Eq. 15a
v = function defined by Eq. 16a
e = gas voidage

€ = mean gas voidage

AIChE Journal January 1992

A = position of wall velocity maximum, dimensionless

u. = continuous-phase molecular viscosity, g/cm-s

v. = continuous-phase kinematic viscosity, cm?/s

¢ = dimensionless radial coordinate, r/R

p. = continuous-phase density, g/cm®

p = average density, g/cm’

¢ = interfacial surface tension, dyne/cm

7. = continuous-phase viscous stress tensor, Pa
Superscript

* = associated with annular downflowing region
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